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A geometric formulation of Higgs Effective Field Theory (HEFT) is presented. Experimental
observables are given in terms of geometric invariants of the scalar sigma model sector such as the
curvature of the scalar field manifold M. We show how the curvature can be measured experimen-
tally via Higgs cross-sections, WL scattering, and the S parameter. The one-loop action of HEFT
is given in terms of geometric invariants of M. The distinction between the Standard Model (SM)
and HEFT is whether M is flat or curved, and the curvature is a signal of the scale of new physics.
I. INTRODUCTION
The recent discovery of a neutral scalar particle with a
mass of ∼ 125GeV has renewed interest in non-linear ef-
fective Lagrangians. An effective Lagrangian for a spon-
taneously broken gauge theory with three “eaten” Gold-
stone bosons and one additional neutral scalar particle
yields the most general low-energy description of the
interactions of the new scalar particle detected at the
LHC. This Higgs Effective Field Theory (HEFT) La-
grangian [1, 2] is constructed with the three “eaten”
Goldstone bosons and the light neutral Higgs boson
transforming as a triplet and a singlet, respectively, un-
der the custodial symmetry. The only implicit assump-
tion in this HEFT framework is that there are no other
light states in the few hundred GeV range which couple
to SM particles, which is known to be satisfied exper-
imentally. The theory contains as a limiting case the
renormalizable Standard Model (SM) Higgs Lagrangian,
where the neutral scalar and the Goldstone bosons of
the spontaneously broken electroweak gauge symmetry
form a complex scalar doublet H that transforms lin-
early as 21/2 under the electroweak gauge symmetry
SU(2)L × U(1)Y . An important special case of HEFT
is the Standard Model Effective Field Theory (SMEFT),
where the scalar fields of the EFT transform linearly as
a complex scalar doublet H . Schematically,
SM ⊂ SMEFT ⊂ HEFT. (1)
The path integral formulation of quantum field the-
ory gives a prescription for computing the S-matrix of
the theory from the Lagrangian. An important result
in quantum field theory is that the S-matrix is indepen-
dent of the fields chosen to parametrize the theory: field
redefinitions which change the form of the Lagrangian
leave the S-matrix invariant. The well-known analysis
of sigma models by Callan, Coleman, Wess and Zumino
(CCWZ) [3, 4] uses this freedom to make field redefini-
tions on the scalar fields to put all spontaneously broken
theories into a standard form. The CCWZ convention
specifies a definite choice for the scalar fields of a given
sigma model. Although making such a choice eliminates
the ambiguity of the Lagrangian due to field redefini-
tions, it does so at a cost of obscuring the geometry of the
sigma model, which describes the field-independent prop-
erties. In this work, we present a geometric formulation
of HEFT which emphasizes the field-independent observ-
ables of the scalar sigma model sector. This geometric
formulation of HEFT makes explicit the connection be-
tween the geometry of scalar field space and experimental
measurements.
There are many important features of the scalar sector
of a spontaneously broken theory that are obscured in the
standard presentation of the Higgs sector of the SM. The
usual SM Higgs sector with a fundamental Higgs doublet
can be written in the universal CCWZ formulation as
a non-linear effective Lagrangian of a Goldstone boson
triplet and an additional neutral singlet scalar field h.
The non-linear version leads to the same S-matrix as the
linear formulation, including quantum corrections. It is
clear that adding the scalar singlet h with precisely the
right couplings is key to the equivalence of the non-linear
and linear parameterizations of the SM Higgs sector. The
non-linear parameterization of the SM Higgs sector in
which the field h is not necessarily part of a doublet can
be consistently generalized to a non-renormalizable EFT,
which is HEFT. Theories in which h is the dilaton or a
Goldstone boson of an enlarged global symmetry provide
examples of HEFT. SMEFT is a special case of HEFT
since it requires that the scalar h and the three Goldstone
bosons transform as a complex scalar doublet.
In the literature, SMEFT and HEFT are referred to
as the linear Lagrangian and the non-linear or chiral La-
grangian, respectively. This nomenclature is somewhat
misleading, given that SMEFT is a special case of HEFT.
Throughout this paper, we use the term HEFT to refer
to the most general EFT containing the physical Higgs
boson. We focus on theories with custodial SU(2), which
have the symmetry breaking pattern O(4) → O(3). We
use linear and non-linear to refer to whether the scalar
fields transform linearly or non-linearly under the O(4)
symmetry.
HEFT describes the dynamics of the physical Higgs
scalar h, and the Goldstone bosons ϕ from G → H sym-
metry breaking, which together form coordinates on a
scalar manifold M. Different parameterizations of the
scalar sector correspond to different coordinate choices
2on M. The S-matrix is unchanged by such scalar field
redefinitions, i.e. by coordinate transformations in scalar
field space, and depends only on the geometry of M.
From this perspective, the key question is not whether
SU(2)L × U(1)Y gauge symmetry is realized linearly or
non-linearly at the level of the Lagrangian,1 since one can
convert from the linear form to the non-linear form by a
field redefinition, but whether the scalar manifold M is
curved or flat. The renormalizable SM has a flat scalar
manifold. A geometric formulation of HEFT makes clear
that all physical observables are independent of the pa-
rameterization of the scalar fields. SMEFT is a special
case of HEFT where there is an O(4) invariant point on
the scalar manifold. The SMEFT Lagrangian is given
by expanding the HEFT Lagrangian about this special
point (which is at H = 0) in a power series in the scalar
fields.
In this paper, we compute the Riemann curvature ten-
sor of M, and show how the curvature can be measured
experimentally in terms of the couplings of the physical
Higgs boson to the massive electroweak gauge bosonsW±
and Z. We also explore other couplings of the Higgs bo-
son to the massless SM gauge boson, the photon, and to
fermions from a geometric point of view. We emphasize
that an important goal of precision Higgs boson physics
will be to constrain the curvature of the scalar manifold
M, which is a measure of the scale of new physics.
The geometric formulation of non-linear sigma models
is well-known, and has been used extensively for super-
symmetric sigma models, and, to a lesser extent, for chi-
ral perturbation theory [5–9]. In this paper, we apply it
to HEFT with a single light neutral scalar h. A general
formulation of spontaneously broken G/H theories with
an arbitrary number of additional scalars is given in a
subsequent work [10].
A coordinate-invariant formulation of HEFT also
clears up a number of subtleties which arise in the
one-loop corrections to the theory. Calculations of ra-
diative corrections in sigma models by Appelquist and
Bernard [11, 12], and more recently for HEFT by Gavela
et al. [13], require intermediate steps in which chiral non-
invariant terms proportional to the equations of motion
(EOM) are redefined away. The appearance of these
terms for curved scalar manifolds does not have physi-
cal implications, and they are avoided when employing
a covariant formalism for perturbation theory [5, 6]. In
our geometric formulation of HEFT, quantum corrections
to the theory are given in terms of the curvature of the
scalar manifold M, and non-covariant terms which van-
ish on-shell can be understood and systematically dealt
with.
The organization of this paper is as follows. Section II
1 Note that this commonly used terminology of linear and non-
linear electroweak symmetry breaking derives from the non-linear
chiral Lagrangian for QCD.
defines the curvature of the scalar field manifold for
HEFT, and gives ways to measure the curvature experi-
mentally. Section III presents the path integral formalism
for calculating radiative corrections in an arbitrary sigma
model. A geometric formulation of all quantities is given.
Section IV specializes to renormalization in the case of
interest, namely HEFT. Section V gives the conclusions.
II. CURVATURE OF SCALAR FIELD SPACE
The Higgs sector of the SM has a complex scalar dou-
blet H which can be defined in terms of 4 real scalar
fields φiH , i = 1, 2, 3, 4, by
H =
1√
2
[
φ2H + iφ
1
H
φ4H − iφ3H
]
. (2)
The scalar potential V (H) depends only on the magni-
tude of the scalar 4-vector
(φ1H)
2 + (φ2H)
2 + (φ3H)
2 + (φ4H)
2 ≡ 2H†H, (3)
and it has a minimum at the vacuum expectation value
v = 246 GeV,
〈(φ1H)2 + (φ2H)2 + (φ3H)2 + (φ4H)2〉 = v2, (4)
which spontaneously breaks G = O(4) symmetry down
to H = O(3). It is convenient to define the 2 × 2 scalar
field matrix
Σ ≡
(
H˜ ,H
)
, (5)
where H˜ ≡ (iσ2)H∗. Under the O(4) ∼ SU(2)L ×
SU(2)R symmetry, Σ transforms as
Σ→ LΣR†, 〈Σ〉 = v√
2
1, (6)
where L and R are 2 × 2 unitary matrices, and 1 is the
2 × 2 identity matrix. One sees that the unbroken H
symmetry is custodial O(3) ∼ SU(2)V , which ensures
the gauge boson mass relation MW =MZ cos θW at tree
level. The vacuum manifold G/H is isomorphic to the
three-sphere S3 and is parametrized by three Goldstone
boson coordinates ϕa, a = 1, 2, 3 where Latin letters from
the beginning of the alphabet will be used to distinguish
O(3) indices from O(4) indices, i = 1, 2, 3, 4. The radial
direction perpendicular to S3 corresponds to the Higgs
boson direction h, which transforms as a singlet under the
unbroken symmetry group. We can make this geometric
relationship explicit using spherical polar coordinates in
scalar field space: φ
1
H
φ2H
φ3H
φ4H
 ≡ (v + h)
 u
1(ϕ)
u2(ϕ)
u3(ϕ)
u4(ϕ)
 , u(ϕ) · u(ϕ) = 1,
ui(0) = δi4,
(7)
3where ui(ϕ) is a unit 4-vector depending only on the an-
gular coordinates ϕ on S3, and h is the radial coordinate.
The above discussion focuses on the global symmetries
of the O(4) sigma model. Now, we account for the partial
gauging of the O(4) symmetry. The electroweak gauge
symmetry group Ggauge in the Higgs sector is a subgroup
of the global symmetry group, Ggauge ⊂ G. Specifically,
using the definition of Σ in Eq. (6), O(4) ∼ SU(2)L ×
SU(2)R ⊃ SU(2)L ×U(1)Y , where U(1)Y is the Abelian
gauge symmetry associated with the diagonal generator
of SU(2)R. This decomposition is made explicit in the
gauge covariant derivative
DµφH = ∂µφH + i
(
gW IµTI + g
′BµY
)
φH = ∂µφH +
1
2

0 gW 3µ + g
′Bµ −gW 2µ gW 1µ
−gW 3µ − g′Bµ 0 gW 1µ gW 2µ
gW 2µ −gW 1µ 0 gW 3µ − g′Bµ
−gW 1µ −gW 2µ −gW 3µ + g′Bµ 0
φH .
(8)
Note that
Dµφ
i
H = (v + h)
[
Dµu
i(ϕ)
]
+ ui(ϕ) (∂µh) , (9)
since the gauge group does not act on the radial field h.
The gauge kinetic energy term is
L =
1
2
(
Dµφ
i
H
) (
DµφiH
)
=
1
2
(v + h)2
(
Dµu
i(ϕ)
) (
Dµui(ϕ)
)
+
1
2
(∂µh)
2
(10)
=
1
2
(
1 +
h
v
)2
gab(ϕ) (Dµϕ
a)
(
Dµϕb
)
+
1
2
(∂µh)
2
,
where
Dµu
i(ϕ) = (Dµϕ
a)
(
∂ui(ϕ)
∂ϕa
)
(11)
and
gab(ϕ) ≡ v2
(
∂ui(ϕ)
∂ϕa
)(
∂ui(ϕ)
∂ϕb
)
(12)
have been used to obtain the last line.
The three angular Goldstone bosons ϕa and the radial
Higgs field h define spherical polar coordinates φiH ≡
(ϕa, h) for the scalar manifold. The gothic index i =
{a, h} denotes the four spherical polar coordinates for
the O(4) sigma model. In spherical polar coordinates,
the scalar kinetic energy term is
L =
1
2
gij(φH)
(
Dµφ
i
H
) (
DµφjH
)
, (13)
which defines a metric for the scalar manifold M.
Eq. (10) gives the metric of the SM Higgs sector
gij(φH) ≡
[
(1 + h/v)2gab(ϕ) 0
0 1
]
, (14)
where gab(ϕ) is the O(3) invariant metric on the Gold-
stone boson coset space G/H = S3 with radius v.
Many different parametrizations of ui(ϕ) are possible.
For the choice of the square root parametrization, the
scalar coordinates φiH are given by φ
1
H
φ2H
φ3H
φ4H
 = (1 + h
v
)
ϕ1
ϕ2
ϕ3√
v2 −ϕ ·ϕ
 , (15)
and Eq. (10) equals
L =
1
2
(
1 +
h
v
)2 [
Dµϕ ·Dµϕ+ (ϕ ·Dµϕ)
2
v2 −ϕ ·ϕ
]
+
1
2
(∂µh)
2
,
(16)
which implies that
gab(ϕ) =
[
δab +
ϕaϕb
v2 −ϕ ·ϕ
]
. (17)
The electroweak gauge symmetry is contained in G
but only partially in H; the overlap of the electroweak
gauge symmetry and H which remains unbroken is
Hgauge = U(1)Q, the Abelian electromagnetic gauge sym-
metry. The three Goldstone boson modes ϕa of the G/H
global symmetry breakdown are in one-to-one correspon-
dence with the broken gauge symmetry generators of
Ggauge/Hgauge, and they become the longitudinal polar-
ization states of the three massive gauge bosonsW± and
Z. The effect of the broken gauge symmetry on φiH is a
local rotation that only affects ui(ϕ); this transformation
can be chosen to remove all three ϕa degrees of freedom
from φH in unitary gauge. The resulting Lagrangian has
a single Higgs boson h coupled to three massive gauge
bosons W± and Z.
One does not have to assume that the full SU(2)R
group is contained in G. Instead, one can consider
a theory in which only U(1)R is in G. In this case,
the G → H symmetry breaking is SU(2)L × U(1)R →
U(1)V . The coset space G/H is still topologically S3
4and parametrized by three coordinates ϕa, but the met-
ric gab(ϕ) on G/H = S3 is no longer the O(3) invari-
ant metric. Under the unbroken global symmetry group
H = SO(2) ∼ U(1)V , the triplet ϕa transforms as a
doublet and a singlet. Then, the ϕ1,2 and ϕ3 directions
are no longer related by symmetry, and one loses the
phenomenologically successful gauge boson mass relation
MW = MZ cos θW . For this reason, we will assume that
SU(2)R is a global symmetry for the remainder of this
paper.
Like the SM Higgs sector, the HEFT scalar sector
has four fields, ϕa and h, where ϕa are the angular co-
ordinates of the Goldstone boson coset space G/H =
O(4)/O(3) = S3, and h is the radial scalar field direction.
These four real scalar fields together are the spherical po-
lar coordinates φi = {ϕa, h} of a curved scalar manifold
M, where i = {a, h}. The kinetic energy term of HEFT
is given by
L =
1
2
gij(φ)Dµφ
iDµφj, (18)
where gij(φ) is a general metric on M. The metric gij
breaks into gab, gah, gha and ghh. There are no gha and
gah off-diagonal metric terms, because one cannot con-
struct a H-invariant tensor that mixes the SO(3) singlet
h field with the SO(3) triplet ϕ. In addition, a field
redefinition of the radial coordinate h allows one to set
ghh = 1. Consequently, the metric of HEFT is a simple
generalization of Eq. (14),
gij(φ) =
[
F (h)2gab(ϕ) 0
0 1
]
, (19)
where F (h) is an arbitrary function of h normalized such
that F (0) = 1 and gab(ϕ) is the O(3) invariant metric
on the scalar submanifold G/H = S3. In a more general
sigma model with more than one singlet field h, the ghh =
1 metric is replaced by a non-trivial radial scalar field
metric; this case will be discussed further in Ref. [10]. An
explicit coordinate choice for gab(ϕ) is given by the square
root parametrization of Eq. (17). However, it is better to
think more abstractly in terms of arbitrary coordinates ϕ
and the corresponding metric gab(ϕ) on S
3. The radius of
S3 is v, which is fixed experimentally to be v ∼ 246GeV
from the W,Z masses.
The covariant derivative of the spherical polar scalar
coordinates φi can be derived using
(Dµφ)
i
(
∂φi
∂φi
)
=
(
Dµφ
i
)
. (20)
The covariant derivative is
Dµφ
i = ∂µφ
i + igW Iµt
i
I(φ) + ig
′Bµt
i
Y (φ), (21)
where
tiI(φ) =g
ij ∂φ
∂φj
· TI · φ, tiY (φ) =gij
∂φ
∂φj
· TY · φ, (22)
are Killing vectors of the gauge symmetry on the scalar
manifold. The anti-symmetry of TI , TY implies Dµφ
i =
((Dµϕ)
a , ∂µh). The reason for this simplification is that
the symmetry group G maps points of coset space G/H
to other points of coset space G/H without affecting h,
so that the coset coordinates ϕa transform under the G
action, whereas h remains invariant.
The Riemann curvature tensor, Ricci tensor, and Ricci
scalar of the G/H = S3 submanifold are obtained from
the metric Eq. (19) by restricting to h = 0. The non-zero
curvature components are
R̂abcd(ϕ) =
1
v2
(gac(ϕ)gbd(ϕ) − gad(ϕ)gbc(ϕ)) ,
R̂bd(ϕ) =
1
v2
(Nϕ − 1)gbd(ϕ) = 2
v2
gbd(ϕ),
R̂ =
1
v2
Nϕ(Nϕ − 1) = 6
v2
, (23)
where Nϕ = 3 is the number of Goldstone bosons, and
we remind the reader that indices a, b, c, d take the values
1, 2, 3. The curvature of S3 is set by the electroweak
gauge symmetry breaking scale v. The form Eq. (23)
for the Riemann tensor holds because S3 is a maximally
symmetric space.
The non-zero components of the Riemann curvature
tensor Rijkl(φ) of the full scalar manifold M for scalar
fields φi (splitting the coordinates φi on M into ϕa, a =
1, 2, 3, in the three angular directions and h in the radial
direction) are
Rabcd(φ) =
[
1
v2
− (F ′(h))2
]
F (h)2 (gacgbd − gadgbc) ,
Rahbh(φ) = −F (h)F ′′(h)gab, (24)
and components related to these by the permutation
symmetry of the Riemann tensor. Rabcd(φ) is propor-
tional to (gacgbd − gadgbc) because S3 is a maximally
symmetric space.
The Ricci tensor Rjl(φ) is
Rbd(φ) =
{[
1
v2
− (F ′(h))2
]
(Nϕ − 1)− F ′′(h)F (h)
}
gbd,
Rhh(φ) = −NϕF
′′(h)
F (h)
, (25)
and the Ricci scalar R(h), or the scalar curvature (pun
intended), is
R(h) =
[
1
v2
− (F ′(h))2
]
Nϕ(Nϕ − 1)
F (h)2
− 2NϕF
′′(h)
F (h)
.
(26)
The curvature tensors in Eq. (23) of the G/H submanifold
can be obtained from those of the full scalar manifoldM
by setting F (h) = 1 and restricting the tensor indices to
be tangent to the submanifold.
5One can define dimensionless radial functions
Rh,4,2,0(h) by
Rabcd = R4(h)R̂abcd, Rahbh = R2h(h)R̂ab
Rbd = R2(h)R̂bd, Rhh = R0h(h)R̂,
R = R0(h)R̂, (27)
when G/H is a symmetric space, as for O(4)/O(3). From
Eqs. (24), (25) and (26),
R4(h) =
[
1− v2(F ′(h))2]F (h)2,
R2h(h) = −v
2F (h)F ′′(h)
Nϕ − 1
R2(h) =
R4(h)
F (h)2
+R2h(h),
R0h(h) =
R2h(h)
F (h)2
,
R0(h) =
R4(h)
F (h)4
+
2R2h(h)
F (h)2
, (28)
with F (h)4 R0(h)+R4(h) = 2F (h)
2 R2(h). If the HEFT
arises from symmetry breaking based on compact Lie
groups as in composite Higgs models [14, 15], the sec-
tional curvatures are non-negative, so that R4(h) ≥ 0,
R2h(h) ≥ 0.
Consider first the SM Higgs kinetic energy term, with
F (h) = 1 +
h
v
. (29)
One sees immediately from Eqs. (23–26), that even
though the Goldstone boson submanifold S3 is curved
and has non-vanishing curvature Rabcd(ϕ), the full scalar
manifold M is flat and has vanishing curvature tensor
Rijkl(φ). This result should be familiar from ordinary
three-dimensional space. One can use spherical polar co-
ordinates in R3. Spherical shells, which are surfaces of
constant radius, are curved, but the full space R3 is flat.
The coordinate-invariant statement of the SM Higgs sec-
tor is that the scalar manifoldM is flat, not whether the
scalar sector is linear versus non-linear, which changes
under field redefinitions.
In HEFT, one considers a general radial function
F (h) = 1 + c1
(
h
v
)
+
1
2
c2
(
h
v
)2
+ . . . , (30)
which is defined by its coefficients cn, for all n ≥ 1, in
a power series expansion in h/v. In this case, defining
ri ≡ Ri(0), one obtains
r4 = 1− c21, r2h = −
1
2
c2,
r2 = r4 + r2h r0h = r2h r0 = r4 + 2r2h (31)
with r0 + r4 = 2r2. The SM with F (h) given by Eq. (29)
implies c1 = 1, and cn = 0 for all n ≥ 2, so all ri = 0.
In theories where the whole Higgs doublet arises as
a Goldstone boson multiplet [14, 15] with a symmetry
breaking scale f , one can identify the dimensionless cur-
vature with the ratio of the electroweak gauge symmetry
breaking vacuum expectation value v and the Goldstone
boson symmetry breaking scale f :
ri ∼ v
2
f2
≡ ξ, (32)
so that deviations from the SM are controlled by the ratio
of the radius of the S3 sphere of the ϕ Goldstone bosons
to the effective radius of the manifold M that contains
the Higgs singlet as well. Measuring the components of
the curvature tensorRijkl(φ) directly determines the scale
of new physics.
The coefficients c1,2, and hence the curvatures, are ex-
perimentally measurable. In unitary gauge, the scalar
kinetic energy Lagrangian of Eq. (18) is
L =
1
2
∂µh∂
µh+
v2
8
F (h)2
[
2g2W+µ W
−µ + (g2 + g′
2
)ZµZ
µ
]
=
1
2
∂µh∂
µh+
[
1 + 2c1
h
v
+ (c21 + c2)
h2
v2
+ . . .
]
×
[
M2WW
+
µ W
−µ +
1
2
M2ZZµZ
µ
]
. (33)
This equation shows that v ∼ 246GeV is fixed by the
gauge boson masses, and that c1 and c2 are the hV V
and hhV V couplings, respectively, in units of the SM
strength, where V V = W+W− or ZZ. Precision mea-
surements of hWW and hZZ can determine c1, which
also enters electroweak precision observables at one loop.
In particular, one can estimate the contribution to the S
parameter [16]
∆S =
1
12π
r4 log
(
Λ2
M2Z
)
. (34)
Measuring c2 is much more difficult, because it involves
two Higgs bosons. Both c1 and c2 enter the expressions
for the curvature because the curvature tensor depends
on the metric up to second derivatives. Higher order
coefficients cn, n ≥ 3, in the expansion Eq. (30) of F (h)
only enter in derivatives of the curvature. To test the SM
requires determining whether M is flat or curved, which
one can do by measuring r4, r2 and r0. The advantage of
formulating the constraints in terms of the curvature is
that it gives a geometric interpretation of the results, in-
dependent of the particular coordinates (choice of scalar
fields) used to parameterize the HEFT.
One characteristic of a theory of a set of scalars with
a curved manifold M is that, in general, it is not self-
consistent to arbitrary high energies. This feature shows
up in HEFT, in that the singlet Higgs boson h does not
fully unitarize longitudinal gauge boson scattering for
general cn [17]. Explicitly, the scattering amplitude of
6longitudinal W -bosons WL depends on the curvature:
A (WLWL →WLWL) = s+ t
v2
r4 ,
A (WLWL → hh) = −2s
v2
r2h . (35)
For composite Higgs theories based on compact groups,
r4 ≥ 0, r2h ≥ 0. Eqs. (35) imply that the more curved the
scalar manifold space M is, the lighter the required res-
onances are to fully unitarize the scattering amplitudes.
The scale of new physics governing the mass of these res-
onances is Λ ∼ 4πv/√r [18]. Note that this result is
in accordance with the scenario of the Higgs boson as a
Goldstone boson [14, 15] where resonances are expected
at Λ ∼ 4πf .
III. RADIATIVE CORRECTIONS
The S-matrix for a scalar theory with action S[φ] can
be computed from the n-point φ Green’s functions G(n)
which are generated by W [J ],
Z[J ] ≡ eiW [J] =
∫
Dφ exp
[
i
(
S[φ] +
∫
dx Jφ
)]
.
(36)
The Green’s functions can be constructed from tree
graphs with 1PI vertices Γ(n), which, in turn, are gen-
erated by Γ[φ˜], the Legendre transform of W [J ],2
Γ[φ˜] =W [J ]− Jφ˜, φ˜ = δW
δJ
. (37)
Quantum corrections to the theory are given by com-
puting Γ[φ˜]. At one-loop,
Γ[φ˜] = S[φ˜] +
i
2
ln det
(
δ2S
δφiδφj
)
φ=φ˜
. (38)
From Eq. (37), we see that
φ˜ =
δW
δJ
= 〈φ〉 (39)
is the the vacuum expectation value of φ. Eq. (38) is
equivalent to summing the one-loop diagrams for S[φ].
For example, the one-loop Coleman-Weinberg effective
potential, which was originally derived by summing one-
loop graphs, is equal to the determinant in Eq. (38) eval-
uated for a constant background field φ˜. The variation
of the action is computed using
φ = φ˜+ η (40)
2 Remember that φ˜, the Legendre transform variable, is not the
same as φ, the integration variable in Eq. (36). φ˜ is sometimes
written as φcl(x), and called the classical (or background) field.
and expanding in η.
Green’s functions for the sigma model are generated
by the action S[ϕ], which is the spacetime integral of the
Lagrangian
L =
1
2
gab(ϕ)Dµϕ
aDµϕb + Jaϕ
a, (41)
where we have included gauge interactions by using the
gauge covariant derivative Dµ. Γ[ϕ˜] is given by taking
the Legendre transform with respect to J . Expanding
about ϕ˜ gives the variation of the action
δS = −
∫
dx gab(ϕ˜)η
a [Dµ(Dµϕ˜)]
b
, (42)
where
Dµ ≡ ∂µδab +Db (Dµϕa) , DaV b =
∂V b
∂ϕa
+ Γbac(ϕ˜)V
c,
(43)
is the covariant derivative on the scalar manifold G/H =
S3, V b is a general vector, and Γabc(ϕ˜) is the Christoffel
symbol constructed using the metric gab(ϕ˜) in Eq. (41).
It is important to remember that the metric and tensors
are in scalar field space, which is curved. Spacetime is
flat in our analysis. The indices a, b, c, etc. refer to the
scalar manifold S3, and the covariant derivatives are in
scalar field space.
The second variation of the action is
δ2S =
1
2
∫
dx
[
gab(Dµη)
a(Dµη)b −RabcdDµϕ˜aDµϕ˜cηbηd
− gafΓfbcηbηc(DµDµϕ˜)a
]
. (44)
The first two terms in Eq. (44) are covariant, but the last
term is not. This last term results in the non-covariant
terms found in one-loop calculations in the literature [12,
13].
The origin of the non-covariant terms can be traced
back to the expansion of S[φ + η] in η to compute the
second variation. Under a coordinate transformation
ϕ′ a = fa(ϕ), (ϕ′ + η′)a = fa(ϕ+ η) so that
η′ a =
∂ϕ′ a
∂ϕb
ηb +
1
2
∂2ϕ′ a
∂ϕb∂ϕc
ηbηc + . . . (45)
The relation between η′ and η is the transformation rule
for a tensor to first order in η, but not to second order.
Thus, δS is covariant, but δ2S is not. To remedy the
problem, we can relate ϕ˜+ δϕ and ϕ˜ in a covariant way
using geodesics on the curved manifold [5]. Pick ζa to be
the tangent velocity vector of the geodesic with parame-
ter λ, which starts at ϕ˜ with λ = 0 and ends at ϕ˜ + δϕ
with λ = 1. The geodesic equation is
d2ϕa
dλ2
+ Γabc
dϕb
dλ
dϕc
dλ
= 0, (46)
7with the power series solution
ϕa(λ) = ϕ˜a + ζaλ− 1
2
Γabcζ
bζcλ2 + . . . (47)
Using the expansion
ϕa = ϕ˜a + ζa − 1
2
Γabc(ϕ˜)ζ
bζc + . . . (48)
and expanding in ζ, which are geodesic (normal) coor-
dinates, changes the functional derivatives of the action
into covariant functional derivatives,
D˜aS = δS
δϕa
, D˜bD˜aS = δ
2S
δϕbδϕa
− Γcab
δS
δϕc
. (49)
The first variation is the same as before, Eq. (42), with
η → ζ, but the second variation is modified to
δ2S =
1
2
∫
dx
[
gab(Dµζ)
a(Dµζ)b −RabcdDµϕ˜aDµϕ˜cζbζd
]
,
(50)
which is covariant. The difference between Eqs. (40)
and (48) is a field redefinition, so that the second varia-
tion of the action δ2S changes by an equation of motion
term ΓcabδS/δϕ
c. This observation explains why the non-
covariant terms found using Eq. (44) vanish on-shell; they
can be eliminated by a field redefinition which does not
change the S-matrix.
The above formalism can be applied to HEFT, with
scalar fields φi = {ϕa, h}. The order p2 HEFT La-
grangian is
L =
1
2
gij(φ) Dµφ
iDµφj + I(φ), (51)
where I(φ) is a G-invariant potential, the metric is given
in Eq. (19), and the gauge covariant derivative is given in
Eqs. (21–22). In geometrical terms, tiA are Killing vectors
that generate the gauge symmetry Ggauge = SU(2)L ×
U(1)Y ⊂ G of the scalar manifold M.
G-invariance of the Lagrangian requires
LtA(gij) =tkADkgij + gkjDitkA + gikDjtkA = 0,
LtA(I) =tjADjI = 0, (52)
where L is the Lie derivative and A runs through weak
isospin and hypercharge generators A = 1, .., 4. The gen-
erators satisfy the commutation relations,
[tA, tB]
i
= LtA(tiB) = fCABtiC (53)
where [∗, ∗] is the Lie bracket, and fCAB are the structure
constants of the Lie algebra g of G.
The classical equation of motion is:
D˜iS = δS
δφi
= −Dµ(Dµφ)i +DiI = 0 (54)
with Dµ = δ
i
j∂µ +Dj(Dµφ)i as given in Eq. (43).
The one-loop correction to a general Lagrangian of the
form Eq. (51) has been computed by ’t Hooft [19], and is
given in 4− 2ǫ dimensions by
∆Γ =
i
2
log det
(
−D˜iD˜jL
)
=
1
16π2ǫ
∫
dxTr
{
Γ2µν
24
+
X2
4
}
, (55)
where the antisymmetric tensor Γµν and scalar X
are [10]:
[Γµν ]
i
j = [Dµ ,Dν ] = R
i
jklD
µφkDνφl + (A µν)
i
j ,
X ij = DiDjI −RikjlDµφkDµφl,
(A µν)
i
j =
(
∂[µA
B
ν] + f
B
CDA
C
µA
D
ν
)
DjtiB, (56)
and Rijkl(φ) is the Riemann tensor of M. The curva-
ture of scalar field space is multiplied by terms with two
derivatives of φ, so that Eq. (55) generates O(p4) terms
at one-loop if M is not flat. The divergent contribution
Eq. (55) is cancelled by the one-loop counterterms.
IV. RENORMALIZATION OF HEFT
We return to the HEFT Lagrangian from Sec. II,
L =
1
2
∂µh ∂
µh+
1
2
F (h)2gab(ϕ)Dµϕ
aDµϕ
b
− V (h) +K(h)wiui(ϕ), (57)
whereDµ is the gauge covariant derivative from Eqs. (21–
22), and we have added two additional terms to the La-
grangian. V (h) is an arbitrary Higgs potential. The
second additional term is given in terms of an arbitrary
function K(h), the 4-dimensional unit vector ui(ϕ) in
Eq. (7), and the 4-dimensional vector wi constructed
from fermion scalar bilinears
wi =q¯Lσ
i Yq qR + ℓ¯Lσ
i Yℓ ℓR + h.c., (58)
where σi = {iσ, 1 }, qL and ℓL are the left-handed quark
and lepton doublets, qR = (uR , dR) and ℓR = (νR , eR)
are the right-handed quark and lepton doublets, and
Yq = diag(Yu , Yd) and Yℓ = diag(Yν , Ye) are the quark
and lepton Yukawa couplings. The right-handed neutrino
field νR drops out of the Lagrangian if Yν = 0. In our
choice of the above Lagrangian, we are assuming that
fermion masses are generated from the Yukawa coupling
matrices after spontaneous symmetry breakdown.
The one-loop divergent contribution from scalar loops
can be computed from Eq. (56) to be ∆Γ = 1/(32π2ǫ)Z,
8Z =
1
2
(V ′′ −K ′′w · u)2 + ((K/(vF ))′)2 [w · w − (w · u)2]+ 1
2
Nϕ
[(
F ′′
F
)
(∂µh∂
µh)− V
′F ′
F
+ (w · u)
(
F ′K ′
F
− K
v2F 2
)]2
−
[
(v2FF ′′) (V ′′ −K ′′u · w) + (Nϕ − 1)
[
1− (vF ′)2]{−V ′F ′
F
+ (w · u)
(
F ′K ′
F
− K
v2F 2
)}]
(Dµu ·Dµu)
−
[
1
3
(vF ′′)2 + (Nϕ − 1)
[
1− (vF ′)2] F ′′
F
]
(∂νh∂
νh)(Dµu ·Dµu) + 2
3
[
1− (vF ′)2]2 (Dµu ·Dνu)2
+
[
1
2
(v2FF ′′)2 +
3Nϕ − 7
6
[
1− (vF ′)2]2] (Dµu ·Dµu)2 + 4
3
(vF ′′)2(∂µh∂νh)(Dµu ·Dνu)− 2F ′′(∂µh) (K/F )′ (w ·Dµu)
− 1
3
[
1− (vF ′)2] (Dµu)TAµν(Dνu)− 2
3
(vF ′)(vF ′′)(∂µh)(Dνu)
TAµνu+
1
12
tr(AµνA
µν) +
1
6
[
(vF ′)2 − 1]uT (AµνAµν)u,
(59)
where the gauge covariant derivative Dµ is defined in
Eq. (21) and the gauge field strength Aµν ≡ [Dµ, Dν ].
The above expression gives the one-loop divergent con-
tribution from scalar loops in HEFT with scalars in the
internal loops, and respects the underlying G = O(4)
symmetry of the theory. This expression agrees with the
one-loop result computed previously in Ref. [20].
The expression Eq. (59) of the one-loop divergences of
HEFT can be used to analyze several interesting special
cases in a unified way.
• Chiral Perturbation Theory: If F (h) and K(h)
are constants, we get the one-loop correction to the
non-linear sigma model. This special case includes
the well known results of chiral perturbation theory.
• The SM Higgs boson: If F (h) = K(h) = v+ h
and V (h) = (λ/4)(h2 + 2hv)2, the HEFT La-
grangian reduces to the SM Higgs Lagrangian. In
this case, the first derivatives F ′(h) = K ′(h) = 1,
the second derivatives F ′′(h) = K ′′(h) = 0, and,
as noted in Sec. II, the curvature tensor Rijkl(φH)
vanishes. As a result, all order p4 terms disappear,
and the theory is renormalizable, even though in
the field parametrization chosen here, renormaliz-
ability is not obvious.
• The Higgs as a Goldstone boson: As-
sume the Higgs boson h and “eaten” scalars ϕa
all are Goldstone bosons resulting from dynami-
cal breaking of a global symmetry at a high en-
ergy scale [14, 15]. As a concrete example,
consider the symmetry breaking pattern G/H =
O(5)/O(4) [21]. Then, the scalar theory can be
described in terms of a unit vector U in 5 dimen-
sions, e.g. U =
(
cos(h/f), sin(h/f)ui(ϕ)
)
where
ui(ϕ) is the 4-dimensional unit vector of Eq. (7) and
F (h) = sin(h/f). One can check that the higher-
dimensional operators reduce to a number of invari-
ants constructed with u, multiplied by calculable
singlet functions of h which have been computed in
Ref. [22]. Although the theory is not renormaliz-
able in this special case, the reduction in number
of parameters is drastic: instead of arbitrary func-
tions of h multiplying each operator, one obtains
calculable functions of h which are determined up
to an overall normalization coefficient.
• The Higgs boson as a dilaton: A Higgs boson
which is the Goldstone boson of spontaneously bro-
ken scale invariance closely resembles the SM Higgs
boson, see e.g. [23]. The Lagrangian for the dilaton
can be obtained by restoring scale invariance by the
substitution v → veτ/v, where τ is the dilaton field,
which transforms by a shift under scaling. This
prescription yields a kinetic term, e2τ/v(∂τ)2/2,
which is not normalized as in Eq. (19), so a variable
change h/v = eτ/v − 1 is needed to compare with
our study. In terms of the correctly normalized field
h, one obtains F (h) = K(h) = v + h and a vanish-
ing curvature, like the SM Higgs case. In particu-
lar, the p4 dilaton-dilaton scattering term vanishes,
which is related to the a-theorem [24]. Note that
for a non-vanishing scattering, the running would
induce an increasing coefficient for decreasing en-
ergy, which is a contradiction of the a-theorem. Fi-
nally, to preserve scale invariance at one loop, di-
mensional regularization must be modified by the
substitution µ → µ eτ/v, which implies that the
dilaton couplings are proportional to anomalous di-
mensions. This property sets the dilaton Higgs bo-
son apart from the SM Higgs boson.
Finally, we can make a connection with the non-
invariant terms found in Refs. [12, 13]. In ordinary per-
turbation theory, one gets the second variation of the
action Eq. (44), which contains a non-covariant term. At
one loop, this will translate into extra terms in the La-
grangian
δL =
1
32π2ǫ
(
X ijΓkij
δS
δφk
+
1
2
Γkij
δS
δφk
Γlij
δS
δφl
)
, (60)
which are not invariant under G and are precisely the set
of terms found in [12, 13]. Consider an explicit example.
9Ref. [13] uses the metric
gab(ϕ) =
[
δab
(
1 + 2 η
ϕ
2
v2
)
+
ϕaϕb
v2
(1 + 4 η)
]
+O(ϕ4),
(61)
where η is a variable that characterizes different
parametrizations. The second term in Eq. (60) depends
only on the geometry, and it can be computed using the
metric Eq. (61):
ΓiklΓ
jkl =
[
Nϕ
(F ′)2
F 2 −F
′ϕb
v2F 3Cϕ
−F ′ϕav2F 3Cϕ 2 (F
′)2
v2F 4 g
ab + 1F 4Γ
a
cdΓ
bcd
]
, (62)
where
Cϕ ≡ 2η(Nϕ + 2) +Nϕ, (63)
v4ΓacdΓ
bcd = 8η2δab(ϕ ·ϕ)
+ ϕaϕb
[
Nϕ(1 + 4η + 4η
2) + 8η + 24η2
]
.
For example, two of the operators generated are
1
32π2ǫ
{(
3
2
+ 10η + 18η2
)
(ϕϕ)
2
v4
− c1(3 + 10η)ϕϕh
v3
}
,
in agreement with Ref. [13].
V. CONCLUSIONS
In conclusion, the geometric formulation of HEFT
makes clear that physical observables of HEFT are given
by the geometric invariants of the scalar field mani-
fold, which are independent of the scalar fields used
to parametrize the Lagrangian. From this perspective,
whether the electroweak gauge symmetry breaking is
parametrized linearly or nonlinearly is not a physical dis-
tinction, and the SM Higgs sector in a non-linear realiza-
tion is still renormalizable. Instead, the physical distinc-
tion to be made is whether the scalar field manifold is
flat or curved. The scalar sector of HEFT allows for
the possibility that the scalar curvature does not vanish.
We have given several examples of how the scalar curva-
ture can be directly measured. Future precision measure-
ments of Higgs boson couplings and cross-sections can be
used to constrain the curvature, and hence the scale of
new physics.
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